arXiv:1501.00797vl [math.AP] 5 Jan 2015 


Transmission eigenvalues for strictly concave domains 


Georgi Vodev 


Abstract. We show that for strictly concave domains there are no interior transmission eigen¬ 
values in a region of the form | A G C : Re A > 0, |ImA| > Ce (ReA > 0, for every 

0 < e <C 1. As a consequence, we obtain Weyl asymptotics for the number of the transmission 
eigenvalues with an almost optimal remainder term. 

1 Introduction and statement of results 

Let n C d > 2, be a bounded, connected domain with a C°° smooth boundary T = dO.. 
A complex number A G C, A y 0, will be said to be a transmission eigenvalue if the following 
problem has a non-trivial solution: 

{ (Vci(x)V-|-Ani(x)) ui = 0 in Q, 

(Vc 2 (x)VAn 2 (x)) tt 2 = 0 in U, (1.1) 

ui = U 2 , cidyUi = C 2 duU 2 on T, 

where ly denotes the exterior Euclidean unit normal to E, Cj,nj G j = 1,2 are strictly 

positive real-valued functions. Let / G C'°°(R'^) be such that / < 0 in U, / > 0 in R'^\n, df ^ 0 
on r. Given an Hamiltonian g G C°°{T*Q) of the form 

d 

9{x,i) = X 9ij{x)iiij > Ggp, G > 0, 

*,i=i 

the boundary L will be said to be g— strictly concave (viewed from the interior) iff for any (x, ^) 
satisfying 

/(x) = 0, g{x,i) = l, {gJ}{x,i) = Q, 

we have 

{9,{9,f}}{x,C) > 0, 

where {•,•} denotes the Poisson brackets. Set gj{x,^) = O^r main result is the 

following 

Theorem 1.1 Let T be gj— strictly concave, j = 1,2, and assume either the condition 

ci(x) = C 2 (x), dvCi{x) = dvC 2 {x), ni(x)yn 2 (x) on P, (1.2) 

or the condition 

(ci(x) - C 2 (x))(ci(x)ni(x) - C 2 (x)n 2 (x)) <0 on T. (1.3) 
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Then, for every 0 < e <C 1 there exists a constant > 0 such that there are no transmission 
eigenvalues in the region 


{AGC:ReA>0, |Im A| > (Re A + 1)5+^|. 


Remark 1. It has been proved in m that, under the conditions (1.2) and (1.3), for arbitrary 
domains there are no transmission eigenvalues in 

{AGC:ReA>0, |Im A| > (Re A + 1)2+^} 

for every 0 < e <S 1. 

Remark 2. The assumption that T is strictly concave does not improve the eigenvalue-free 
regions in Re A < 0. Note that it is proved in m that for arbitrary domains there are no 
transmission eigenvalues in Re A < —C for some constant C > 0 under the assumption (1.2), 
and in 

{AGC:ReA<0, |Im A| > (|Re A| + 1)"^} 
for any N > 1 under the assumption (1.3). 

Remark 3. When the function in the left-hand side of (1.3) is strictly positive, large eigenvalue- 
free regions have been proved in m for arbitrary domains, which however are worse than the 
eigenvalue-free regions in the cases considered in the present paper. It seems that in this case 
no improvement is possible even if the domain is supposed strictly concave. 

Remark 4. It has been proved recently in [n] that the total counting function N{r) = #{X — 
trans. eig. : |A| < r^}, r > 1, satishes the asymptotics 

N{r) = (n + T 2 y + VO < e < l, 

where 0 < k < 1 is such that there are no transmission eigenvalues in the region 


{a G C : |ImA| > C(|ReA| + 1)^"^} , C > 0, 


and 


^ f 

{2ttY Jn y Cj{x) j 


ojd being the volume of the unit ball in R'^. 

Theorem 1.1 and Remark 4 imply the following 


Corollary 1.2 Under the conditions of Theorem 1.1, the counting function of the transmission 
eigenvalues satisfies the asymptotics 

N{r) = {n+T2y + Oey-^y, V0<e<l. (1.4) 

To prove Theorem 1.1 we follow the same strategy as in m- We first reduce our problem to 
a semi-classical one by putting h = (Re A)“^/^, z = h?\ = 1 -|- ihflmX. Thus we have to show 
that the operator T{h,z) = ciNi{h,z) — C 2 N 2 {h,z) is invertible for \lmz I > h^~fi 0 < /i <C 1, 
VO < e <C 1 (see Theorem 7.1), where Nj is the Dirichlet-to-Neumann (DN) map associated to 
the operator h'^VcjV+zuj (see Section 2 for the precise definition and the main properties). It is 
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shown in [TS] that the operator T{h, z) is invertible in the region |Imz| > ^ for an arbitrary 

domain Q. In the present paper we show that this region can be extended to |Im 2 ;| > if 


r is strictly concave with respect to both gi and g 2 - To do so, we have to study more carefully 
the DN map Nj near the glancing manifold Ylj = G r*r : ro(x,^) = rrij^x)}, where nij 

denotes the restriction on T of the function nj/cj, while rg > 0 is the principal symbol of the 
Laplace-Beltrami operator on T with Riemannian metric induced by the Euclidean metric in R'^. 
We show that Nj{h,z) = : L?iT) —)• L'^iT) in an 0{h^) neighbourhood of Sj as long as 

h}~^ < |Imz| < (see Theorem 2.2). With this property in hands, the invertibility of T near 
Sj is almost immediate since the conditions (1.2) and (1.3) guarantee that iVs-j is elliptic on 
Sj, j = 1, 2. The invertibility of T outside an 0{h^) neighbourhood of Si U S 2 for |Im z\ > 
is much easier and can be done in precisely the same way as in m for an arbitrary domain. 
Indeed, the conditions (1.2) and (1.3) imply that in this region T(h,z) is an elliptic h — 'I'DO, 
and hence easy to invert. 

Thus the main (and the most difficult) point in our proof is the estimate (2.7) of Theorem 
2.2 concerning the behavior of the DN map near the glancing manifold. Therefore the present 
paper is almost entirely devoted to the proof of Theorem 2.2. To do so, we make use of the 
global symplectic normal form proved in [12] in order to transform our boundary-value problem 
in an 0{h^) neighbourhood of the glancing manifold to a much simpler one in which we have 
complete separation of the normal and tangential variables (see the model equation in Section 
5). The advantage is that we can build a relatively simple parametrix in terms of the Airy 
function and its derivatives (see Section 5). Note that our parametrix is much simpler than the 
parametrix of Melrose-Taylor [4| and therefore easier to work with. In particular, it is easier 
to control it as |Im 2 ;| —>■ 0. Using the properties of the Airy function (see Section 3) we show 
in Section 5 that our parametrix is valid in an /\lm.z\) neighbourhood of the glancing 

manifold as long as < |Imz| < . To cover the entire 0{h^) neighbourhood of the 

glancing manifold we have to build another parametrix in Section 6 following the parametrix 
construction in m and showing that it can be improved in the case of our model equation. 
When |Imz| ~ /l2/3 a different parametrix, without using the Airy function, is constructed by 
Sjostrand (see Section 11 of [lO]). In this case, it provides another proof of the estimate (2.7). 
Note finally that in Section 3 we prove some properties of the Airy function which play a crucial 
role in the parametrix construction in Section 5. They are more or less well-known and most of 
them can be found in [6] and in the appendix of |1|. 

2 The Dirichlet-to-Neumann map 

Let {X,g) be a compact Riemannian manifold of dimension n = dimW > 2 with a non-empty 
smooth boundary dX. Then (dX, g) is a Riemannian manifold without boundary of dimension 
n — 1, where g is the Riemannian metric on dX induced by the metric g. Denote by Ax and Aqx 
the (negative) Laplace-Beltrami operators on {X,g) and {dX,g), respectively. The boundary 
dX is said to be strictly concave if the second fundamental form of dX is strictly positive. In 
the case when X C R" this dehnition coincides with that one given in the previous section. 
Given a function / G H^{dX), let u solve the equation 



( 2 . 1 ) 
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where 0 < /i <C 1 is a semi-classical parameter and /r E R, 0 < |/r| < 1. Then the semi-classical 
Dirichlet-to-Neumann (DN) map 

N{h,^) : H^{dX) L^{dX) 


is defined by 


N{h,^i)f := V^ulax, 


where Pj/ = —ihdu, v being the unit normal to dX. It is well-known that for arbitrary manifolds 
one has the bound 

WiKiAWn l(dX)^L'^(dX) ^ (2-2) 

with a constant C > 0 independent of h and //, where H\{dX) denotes the Sobolev space H^{dX) 
equipped with the semi-classical norm ||(1 — h?fWi'^i^Qx)- It has been proved recently 
that better bounds are possible if /r is not too close to zero. Indeed, it follows from Theorem 
3.2 of [l3], still for arbitrary manifolds, that for every e > 0 there is a constant 0 < /io(e) 1 
such that for all 0 < < /iq, |^| > h 2 ~^ we have the bound 


^ ^ (2-3) 

with a constant C > 0 independent of h, /r and e. Note that (2.3) does not follow from (2.2). In 
m semi-classical parametrices of the operator N{h, fi) are constructed in the hyperbolic zone 
Ti = {{x',^') E T*dX : ro(x',^') < 1}, in the glancing zone G = {{x',^') E T*dX : ro(x',^') = 1} 
and in the elliptic zone £ = {(x',^') E T*dX : ro(x',^') > 1}. Hereafter, ro(x',^') denotes the 
principal symbol of the operator —Aqx written in the coordinates {x',^'). To be more precise, 
introduce the set fc E R, 0 < d < ^, of all functions a E C°°{T*dX) satisfying 


a“,af,a(x',e') 




for all multi-indices a, (5 with constants > 0 independent of h. We will denote by 0P5| 
the set of the /i-pseudo-differential operators (/i-TDOs) with symbols in defined as follows 


(Oph(a)/) {x') 


2'Kh 


71—1 




JT*dX 


a{x',i')f{y')dy'di'. 


Let x“, x"*" E C°°{T*dX) be independent of h and such that X~ + X° + X''' = 1) supp x~ C "H, 

suppx^ C T, is supported in a small /i-independent neighbourhood of x^ = 1 in a smaller 
/i-independent neighbourhood of G- Set p{x',^',fj,) = ro(x',^') -|- 1 -|- iy with Imp > 0. 
It was shown in m that, mod the operator N{h,y)Opj^{x ) belongs to 0P5g for 

IpI > h^~^, 0 < e <C 1, with a principal symbol px~^ the operator N(h, p)Opi^{x^) belongs to 
0P5°^2-£ I/^I > with a principal symbol px^, and N{h, p)Opf^{x'^) belongs to OP5o 

with a principal symbol px"*"- Summing up, we conclude that, mod 0{h°°), the operator N{h, p) 
belongs to OP5j^2-£ l/^l — with a principal symbol p. Therefore, in this case the bound 

(2.3) is a consequence of well-known properties of the /i-TDOs. In fact, a more detailed anaysis 
of the operator N{h,p) can be carried out allowing the functions x"'') X~ and x^ to depend on 
h. More generally, it follows from the analysis in m that given any function x £ C^{T*dX), 
for arbitrary dX, one can construct a parametrix for the operator At(/i, p)Op/j(x) as long as 

/jl-£ 

min IpP > ——— for some e > 0. 
suppx IpI 
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It is easy to see that given a parameter 0 < d <C 1, there are functions £ •Sg such that 

X7+X°+X^ = 1, suppx^ C {ro-1 < -h^},suppxt ^ {^Q-l > /i'^},suppx° C {|ro-l| < 2h^}, 
X^ = 1 on {|ro — 1| < h*^}. As in [TB] one can prove the following 


Theorem 2.1 For every 0 < e <C 1 there is ho{e) > 0 such that for 0 < h < h^, hf ^ < |^| < h^, 
we have the bound 


N{h,fl)Oph{Xe/2) - Oph{PXe/2) 

For \fi\ < h^ we also have the bound 

iV(/i,/i)Op;,(xj2) - Oph{pxt/2) 

For < |/x| < h!^, we have the bound 


L^{dX)^L^{dX) 




lP{dX)^lP{dX) 


< Ch^l‘^. 


(2.4) 


(2.5) 


Af(/l,^)Op;,(X°/ 2 ; 


L^{dX)^L^{dX) 


< Ch^!^. 


( 2 . 6 ) 


When dX is strictly concave, Sjostrand showed (see Section 11 of m) that (2.3) still holds 
for < \^\ < 6 * 2 / 1 ^/^, C 2 > Cl > 0 being arbitrary, independent of h and fi. We will show 

in the present paper that for strictly concave dX the bound (2.3) holds true for h}~‘" < |/i| < h^, 
VO < e ^ 1. To this end, we need to improve only the bound (2.6). We have the following 


Theorem 2.2 If dX is strictly concave, for every 0 < e <C 1 there is /io(e) > 0 such that for 
0 < h < ho, h^~^ < |/x| < /i^, we have the hound 


lV(/l,^)Op;,(X°/ 2 ) 


< Ch^/^. 

L‘^(dX)^L‘^(dX) ~ 


(2.7) 


Proof. We will make use of the symplectic normal form obtained in [T2] to reduce our problem 
to a simpler one for which it is easier to construct a parametrix. This model problem will be 
studied in the next sections. Let y = {yi,y') G Xs ;= (—d,S) x dX, 0 < 5 <C 1, be the normal 
geodesic coordinates with respect to the Riemannian metric g. Here we identify the points in 
(0,5) X dX with {x G A : dist(x,(9A) < d}. Then in these coordinates we can write 

— hfXx = + qiyi,y', Fy') + lower order terms, 

where Vy^ = -ihdy^, Vy, = -ihdy>, q{yi,y',r]') = E |«|=2 9 a(yi> vOv'"- Moreover qo{y',r]') := 
q{0,y',r]') is the principal symbol of —Aqx written in the coordinates {y',p'), while 

qi{y',v') ■= p^{o,y',v') > o 

oyi 

is the second fundamental form of dX supposed to be strictly positive (which is nothing else but 
the definition of g— strictly concavity). Then the principal symbol p of the operator P{h,p) = 
—hfXx — 1 — ip can be written in the coordinates {y,g) G T*Xs as follows 

p{y,v) = Pi +q{yi,y\p) -1 - ip = vl + qo{y',v') + yiqi{y',v') - i - ip + Oiyjqo). 


Denote by IZ the set of all functions a G C°°{T*X^) satisfying (with all derivatives) 


a = 0{xT)+0{ir) + 0{{l-qor) 
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in a neighbourhood of /C = {xi = = 1 — go = 0}- We will also denote by OPT^ the h — 'I'DOs 

on with symbols of the form h^aj, where aj &TZ do not depend on h. Let (/> G 

= 1 for |fT| < 1/2, <p{a) = 0 for |(t| > 1. Given any 0 < e ^ 1, denote by the h — 'LDO 
on with symbol (/)(xi//i^)(^((l — qQ)/h^). Clearly, if R G OPT?., we have 

RAe, AeR = 0{h°^) : L^{Xs) ^ L\Xs). 

It is shown in [12] (see Theorem 3.1) that there exists an exact symplectic map y ; T*Xs —)• T*Xs 
such that xi^A) = ( 2 /( 2 ;)0) 0) satisfies 

yi = xiqi{x', + 0{xj) + 0{xi{l - go)), 

Vi = + C’(xi) + 0(6(1 - qo)), 

{y',v') = {x'A') + 0{xi), 

iP°x)ixA) = {qi{x'A'f^^ + 0{xi)^ {^1 + Xi - C{x'A')) (xn-odn) 
in a neighbourhood of 1C, where 

C{x'A') = {qi{x'+ 0{i - go)) (1 + iAi - go(a;',6))- 

Thus, if TT C T*Xi is a small neighbourhood of 1C, then x sends U into itself. Using h— Fourier 
integral operators on X^ {h— FIOs) associated to the canonical relation 

A = {(y, V, X, 0 G T*Xs X T*Xs : {y, y) = x(x, 0, (x, 0 G U] 

one can transform the operator P into a simpler one, Pq, which can be written in the coordinates 
(x,^) as follows 

Aq = '^xi + - Li(x',Pa;/;/i) - iy,L 2 {x',V^r,h) 

where Lj{x',i'-,h) = T,T=o Lf\x', , j = 1,2, with 

Lf\x',e) = (qiix',er^/^+Oil - go)) (1 - qoix',a), 

Lf\x',e)=qiix',er^/^+Oil-qo). 

More precisely, there exist zero-order elliptic (in U) h — TDOs on X^, A, A', and a zero-order 
elliptic h— FIO on Xs, U, associated to A, such that if we set T = UA, T' = UA', we have the 
relations (see Theorem 4.2 of |12ji: 

pr = r'p/ + r'i?o, (2.8) 

PT = QiL* + hQ2i*Vxr + 6 UP 0 + (2.9) 

= Qil*V^, + hQ2t* + L*VP^ + PR, (2.10) 

where P deontes the restriction on xi = 0, Qj, Qj, j = 1, 2, are zero-order /i — 4'DOs on dX, Qi 
and Qi being elliptic in a neighbourhood of {go = 1}, V and V are zero-order h — TDOs on Xs, 
and Ro,R,R G OPT?. One can further simplify the operator Pq by making a new symplectic 
change of the tangential variables (x^,^^) = Xiix'A') ^ T*dX such that 
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Then, in these coordinates the glancing manifold {go = 1} is defined by = 0. Conjugating 
with a zero-order elliptic (in a neighbourhood of the glancing manifold) /i—FIO operator on dX 
we get (2.8), (2.9) and (2.10) with new operators of the same type (which we will denote in the 
same way below) and Pq replaced by 

J- 

where Qo{x^,^'^) > 0 in a neighbourhood of = 0, and 

OO 

fc=i 


Thus we get the model operator studied in Sections 5 and 6. Indeed, given a function / G 
L‘^{dX), it is constructed a parametrix u{xi,x^) supported in 0 < xi < /i^ such that 

SUi=0 = Op;, (</>(d//^")) f + 0{h^)f, 


||-Po'w||_H''>((0,(5)xaX) - 



L'^(dX) 


( 2 . 11 ) 


for every s > 0, where M 1 is an arbitrary integer independent of h. Hereafter, the Sobolev 
spaces will be equipped with the semi-classical norm. Moreover, by Theorem 6.6 the operator 
defined by 

Xf .— 'I^xiU\xi=0 


satisfies the bound 



L'^{dX)^H‘{dX) 




( 2 . 12 ) 


By (2.8), (2.9) and (2.10) (with Pq replaced by Pq) combined with (2.11) and (2.12) we obtain 
that the function u = Tu satisfies the bounds 


ll■f’'“lli^'>((0,(5)xax) ^ CMh^ 11/ 

u\dx — {Qi + hQ2N)f 


H^idX) 


L^{dX) 

<CMh^\\f 


L^(dX) 


Given any function / G L?‘{dX), let v solve the equation 


L^idX) 


(2.13) 

(2.14) 

(2.15) 


{h?Xx -b 1 -b u = 0 in X, 

V = OY>h{4>{{m-^)/X)) f on dX, 


where the function (j) is as above. Let G C'^(R) be such that i/i = 1 on suppi/. Since Qi is 
a zero-order h — TDO on dX, elliptic in a neighbourhood of {go = 1}; thete exists a zero-order 
/i —TDO, Q\, elliptic on T*dX, such that (Qi)“^ = 0{1) and {Q\ — Qi)Opi^ {4 >i{{Qo ~ = 

0{h°°) as operators on H^{dX), s > 0. Set 


Z = 


Q\ + hQ2N,Opj, {M{qo-l)/hn) 


0{h^-^) : H^{dX) H^{dX). 
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Then, for h small enough the operator Q\ + Z \s invertible on H^{dX) and 

(^Q\ + Zy^ = 0(1) : ff^(dX) H%dX). 

Denote by u the parametrix above with 

/ = Op^ (MiQo - 1)/^'")) (Qi + Z)~^Op^ {H{qo - '^)/h^)) /• 

We have 

Wfh^idX) 

and 

(Qi + hQ2N)f = {Q\ + hQ2N)f + 0{h°°)f 
= Opj, mQo - l)/hn) f + Zif + 0{h^)f 

where we have put 

Zi = Op;, ((1 - 0i)(((7o - l)/h^)) Z{Q\ + Z)-^Ov^ mqo - l)//r^)) . 

We need now the following 

Lemma 2.3 For small h we have Z\ = 0{h°°) : L‘^{Y) —)■ L‘^{Y). 

Proof. Given any integer m > 1 we can write 

Z{Q\ + Z)-^ = 1- Q\{Q\ + Z)-^ 

m 

= I-J2 Q\i-iQ\r"Z)\Q\)-^ - Q\i-iQ\)-^zr^\l + iQ\)-^Z)-\Q\)-^ 

k=0 

where I denotes the identity. Hence, to prove the lemma it suffices to show that 

Op, ((1 - 0i)((go - l)/hn) Q\{-{Q\)-^Z)\Q\)-^Op, mqo - l)/hn) 

= 0{h°°) : L^{Y) L^{Y) (2.17) 

for every integer k > 0, and all functions (j), (fi G (^“(R) independent of h and such that (fi = 1 
on supp(/>. For A: = 0, (2.17) follows from well-known properties of the h — TDOs. It is easy also 
to see that (2.17) with k = 1 implies (2.17) for every A > 1. On the other hand, to prove (2.17) 
with k = 1 it suffices to prove it with N in place of Q\{—{Q\)~^ Z)^{Q\)~^ . This property of 
the operator iV, however, follows from Theorem 6.6. □ 

By (2.13), (2.14) and Lemma 2.3, we get 

ll-P(^ “ '“)ll_f/'>((0,<5)x9X) - \\f\\L‘^{dX) (2-18) 

I|(u — l^)19x11H'*(ax) — ll/llL 2 (gx) (2-19) 

while (2.15) implies 

\\'^xiy\dx\\L2(^QX) — II/IIl^j-qx) ■ (2.20) 
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Let us see that (2.18),(2.19) and (2.20) imply 

\\'^xiv\dx\\L‘^{dX) — II/IIl2(-9x) • (2-21) 

Denote by Gd the self-adjoint Dirichlet realization of the operator —Ax on L?‘{X). We have 

V — u = E{{v — u)\dx) + (h^Go — P{v — u) 

+ [h^Gd - (/i^Ax + l + iiJ^E ((v - u)lgx) 
where E = 0(h}P) : H^{dX) —^ H^^^P{X), s > 0, is the extension map, {Ef )\Qx = /, 

\\f\\HHax)<0{h-P^)\\Ef\\ 

By (2.18), (2.19), with Vi, = —ikd^, we have 

\\Vy{v — u)\\]^ 2 i^gx) < Gh^P \\E {{v — 'w)|ax)||//3/2(x) 

+GhP^ (h^Go P{v -u) 

^ ^ H3/2(X) 

+C/ll/2 \ -1 A 2^^ + 1 + 

V /V / H3/2(X) 

< C (l + ||(n - u)\gx\\Hi{gx) + - ^^)ll//3/2(x) 

<GMh^ ^||/||l2(9x) (2.22) 

provided < \fi\ < h^, where we have used the coercivity (ellipticity) of the operator Go- 
Taking M big enough we deduce (2.21) from (2.20) and (2.22). Clearly, (2.21) implies (2.7). 

3 Some properties of the Airy function 

It is well-known that the Airy function Ai( 2 ;) is an entire function of order | with simple zeros 
{vj} C (—00,0), —Vj ~ (37r/2)^/^j^/^, and satisfying the equation 

(52 - z)Ai(z) = 0. (3.1) 

Differentiating (3.1) k times leads to the following equation for the derivatives of the Airy 
function, Ai('')(z) = 

{dl - z)Xi^^\z) = kki^^-^\z). (3.2) 

It is also known that the Airy function satisfies the identities 

Ai(-z) = P^/^Xi+{z) + e-^^/^kG{z), (3.3) 

Ai(—z)”^ = cfP{-z)ki±{z) + cf Ai'_j_(z), (3.4) 

where are some constants and we have put 

Ai±(z) = ki{ze^^^/^), 
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Fiz) = 


Ai(z) • 


The functions Ai and Ai± satisfy 


Ai(2;) = Ai(2:), Ai_|_(2:) = Ai_(2;). (3.5) 

In particular, this imples |Ai+( 2 ;)| = |Ai_(z)| for real z. For | argz| < vr we also have the formula 


Ai(z) = exp ^ 

B{z) = 7r“^ [ 

Jo 


_ 2 ^ 3/2 


Biz) 


(3.6) 


-t22l/2 


An 

cos I — I dt, 


where is taken so that Rez^/^ > 0, that is, 


zV2 = |^|i/2 exp 


arg z^ , z^/^ = |zp/^ exp arg; 


Observe that 


Rez^/2 > 


|Im z| 


2|z|V2' 


The function B satisfies the asymptotic expansion 


e=o 


(3.7) 


for |z| 1, I argz| <7r —5, 0<(5<Cl, where ^ = |z^/^ and bg are strictly positive real numbers, 

bo = (2z/n)~^. In view of (3.6), (3.7) provides an asymptotic expansion for the Airy function 
Ai(z). Moreover (3.7) can be differentiated a finite number of times thus getting an asymptotic 
expansion for Ai^^^(z). In particular, we get that for | argz| < n — 6 the function T(z) has the 
expansion 

OO 

Fiz) = -z^/^J2bir\ 1^1 »1, (3.8) 

e=o 

where 6o = 1- Moreover, the function F^^\z) = ^ has the expansion obtained by differenti¬ 
ating (3.8) k times. The behaviour of the functions Ai(z) and F{z) for z G A^ := C \ {| argz| < 
TT — 6} is more complicated. 


Lemma 3.1 For Imz / 0 and every integer k > 0, we have the bound 

F^^\z) < Cfcllmz]-^ (izl^/^ ^ . 


(3.9) 


Proof. Given any z G C with Imz / 0, denote R(z) = {tc G C : |rc — z| < |Imz|/2}. Since 
the function F is analytic on Biz), by the Cauchy theorem we have 


F^^\z) < Cfcllmzl ^ max |F(rt;)|. 

wedB{z) 


(3.10) 


It follows from (3.10) that if (3.9) holds with A: = 0, it holds for all k. 
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Since the function F{z) is analytic at z = 0, there exists a constant zq > 0 such that the 
bound (3.9) holds trivially for \z\ < zq. For | aigz\ < n — 6, | 2 :| S> 1, it follows easily from (3.8). 
Therefore, we may suppose that zq < \z\ < zi, zi > zq > 0 being constants, or z G A^, \z\ ^ 1. 
To deal with the first case we will use the Hadamard factorization theorem. Since the zeros of 
the Airy function are simple, we can write 


Ai{z) = JJ- h _ _ 

j=i \ 


z \ ^ 


Hence we can write the function F in the form 


F(z) 

= Cl+'^{{z- I2j) 
i=i 

Since I'j is real; we have 

\z — < Im 2 : 

while for \iyj\ > 2 z we have 

\z — < 2 i/j 

Thus we obtain 



-1 


-1 


2|z| oo 

\F{z)\<\Ci\+'^(\z-i^j\-^+ + \z\ 

i=l j=2\z\ 

OO 

< ICil + 2\z\ + 2 | 2 ;||Imz|“^ + 2\z\ ^ 

i=i 

which gives the desired bound for |T( 2 ;)| in this case. 

In the second case we will use (3.3). Let — z G A^, \z\ S> 1. Then | arg^l < 5 and if ^ 
we have 

Im^ = Im 2 :(Re zY^‘^{l + 0(6)). 

Hence 

|Im^| > C'^llmzll^l^/^, 6*5 > 0. (3-11) 

It suffices to consider the case Im z > 0 since the case Im z < 0 is similar. Then we have Im ^ > 0. 
In view of (3.7), the functions B±(z) = satisfy the asymptotics 

B±(z) = bo± + o(r^), -zB'^iz) = + o(r'), 

where bo,bi > 0 are constants. In particular, we have 

±Im (^B±{z)B^'^ = ^^|^|-5/2 (i + + 0(\z\-^/‘^)) > 0. (3.12) 

Let us see that (3.12) implies the inequality 

\B+{z)\ > \B.{z)\. (3.13) 
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To this end, observe that the first derivative of the function 


/(r) = |-B_|_(Re 2 ; + — |i?_(Rez + iT))\^ 


is given by 

/'(r) = 2Im ^R+(Re 2 ; + iT)B'j^{Rez + ir)^ — 2Im ^i?_(Re 2 : + iT)B'_{Yle z + ir)^ . 

By (3.12) we get /'(r) > 0 as long as 0 < r < iJRez and Re z ^ 1. On the other hand, in view 
of (3.5) we have /(O) = 0. Hence /(r) > 0 for r > 0, which proves (3.13). 

By (3.6) and (3.13) we have 


Ai.{z) 


B_{z) 

A4(2;) 


B+iz) 


< e 


—2Im^ 


It is easy to see that the above asymptotics also lead to the bounds 


AUz) 

< r* 

AiV(4 

AiV(4 


Ai+(z) 


with some constant C > 0. By (3.11), (3.14) and (3.15), 


\H-z)\ < 

C|z|V2 


AiV(z) 


Ai+(2:) 


1 + 


Ai'_(z) 


AiV(z) 


1 - 


Ai_(z) 


Ai+(2:) 


-1 


< 


< 


1 — e“2lm? min{ 1, 2Im 




Given any integer k > 0, set 

<^k{z) = Ai{z)d^, (Ai(z)-^) = d,^k-iiz) - F{z)^k-i{z) 
where = 0. Clearly, <I>o = 1 and <hi = —F. 

Lemma 3.2 For Imz / 0 and all integers k > 1, I > t), we have the bound 

. k 


di^k{z)\ < Cfc,r|Imz|-<^ (|z|i/2 + |imz|-i) . 


Proof. Differentiating the identity (3.16) i times we get 

di^kiz) = 5fi4>fc_i(z) - ^ cejF^^\z)di-^<^k-iiz). 

j=0 

It is easy to see by induction in k that (3.17) follows from (3.9). 

For t > 0 and z G C, | arg z\ < vr, set 

Tfc(t, z) = , ^l^\t,z) = di^k{t,z). 


(3.14) 


(3.15) 


□ 


(3.16) 


(3.17) 


(3.18) 


□ 
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Lemma 3.3 For Imz ^ 0 and all integers /c > 0, £ > 0, we have the bound 

^?(0,z)| < Ck,e \lm z\-^ + \lm z\-^y . (3.19) 

For t > 0, Imz / 0 and all integers k > 0, i > 0, we have the bound 

'i’k\t,z)\ <Ck/\lmz\-y\z\^^^ + \lmz\-^f^^ (3.20) 

while for t > \z\ we have 

^f(t,^)| < Ck,e\lraz\-y\z\^/^ + \lmz\-^) ^ (3.21) 

Proof. In view of (3.10) with in place of F, it suffices to prove these bounds with i = 0. 
Furthermore, using (3.2) it is easy to see by induction in k that (3.9) implies the estimate 

Ai^^^(2;) < Ck{\z\^^‘^ + \lm.z\~~^'^ |Ai(2:)| . (3.22) 

Hence 

\^k{t,z)\ + \z\^^‘^ + \lrn.z\~^'^ |^'o(L2:)I- (3.23) 

In particular, (3.23) implies that (3.19) and (3.21) with I = t), k > follows from (3.19) and 
(3.21) with = 0, A: = 0. The same conclusion is still valid concerning the bound (3.20) as long 

as t < 2\z\. For t > 2\z\, (3.20) follows from (3.21) in view of the inequality 

^k/2^-F/^\Imz\/4 < Ck\lmz\-\ 


Therefore, to prove the lemma we have to bound |To|. Clearly, 'ho(0, z) = \ which proves (3.19). 
To bound |'I'o(t, z)\ for t > 0, let us see that the Airy function satisfies the bounds 

|Ai(z)| < (3.24) 

|Ai(z)|-^ < C{z)-^/^ (|z|^/2 ^ jRez^/f (3_25) 

Indeed, for | argzl < tt — 5, (3.24) and (3.25) follow from (3.6) and (3.7), while for z G As they 
follow from (3.3) and (3.4) combined with Lemma 3.1. By (3.24) and (3.25), 

|^o(L^)l <c(|z|^/2^|Imzri)e-‘^(*’") (3.26) 


where 


ip = ^Re {z + tf^‘^ - ^Re = / Re (z + T)^l'^di 
3 3 Jo 


t|Imz| 


(3.27) 


-2Jo |z + r|V2“' - 2|z|V2 + 2H/2- 

Hence (p > 0 for t > 0, while for t > \z\ we have p > |t^/^|Imz|. Therefore, the desired bounds 
for ITqI follow from (3.26). □ 
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4 Some properties of the h — ^ DOs 


Let y be an n — 1 dimensional compact manifold without boundary or an open neighbourhood 
in In this section we will recall some useful criteria on a symbol a'y,r]) £ T*Y for the 

h — ^ DO, Op;j(a), to be bounded on We will make use of the analysis developed in 

Section 7 of [T] (see also Section 2 of m)- We first have the following 

Proposition 4.1 Let a £ T*Y satisfy the bounds 

9>(y,ry)| <ao(/i)/i-H/2 (4.1) 

for |a| < n, where oq > 0 is a parameter. Then there is a constant C > 0 independent of h such 
that 

<Cao{h). (4.2) 

This proposition follows for example from Proposition 2.1 of m- The next proposition can 
be derived from the analysis in Section 7 of [I]. 

Proposition 4.2 Let a,b £ T*Y satisfy the bounds 


dyd^a{y,r]) 








(4.3) 

(4.4) 


where 0 < d < 1, for all multi-indices a and j3 with constants Ca, Ca,i 3 > 0 independent of h, and 
Mq > 0 independent of h and a. Then for every integer M 3> Mq there is a constant Cm > 0 
independent of h such that 


Opf^iab) - Op, I ^ ^^O^ad^b 

| a |=0 


loi! ^ y 




(4.5) 


L2(y)->-L2(y) 

Proof. In view of formula (7.15) of [T] the operator in the left-hand side of (4.5) whose norm 
we would like to bound is an /i-psdo with symbol c(x,^,x,^), where the function c is given by 

c{x,f,y,r])=e^’^^^'^ya{x,()b{y,r])- ^ d^a{x,f)d^b{y,y) 


| a |=0 


a ! 


L2 


where we have put D = —id. The inequality (7.17) of [T] together with (4.3) and (4.4) yield the 
estimate 

\c{x,f,y,r])\ < Cs,Mh^ ^ {D^ ■ Dy)^ a{x,f)b{y, rj) 

H+\h\<s 

for s > (n — l)/2. Similarly, for all multi-indices a and /3, we have 

ld^d^c(x,^,y,rj)l < 

By (4.7) we get 

ld^c(x,^,x,0l < 

By Proposition 4.1 and (4.8), with some £ > 0 depending only on the dimension, we conclude 
||Op,(c(x,?,x,0)IL2^^2 < < CMh^(^-^^/^ (4.9) 

if M is taken large enough. □ 


(4.6) 

(4.7) 

(4.8) 
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5 Parametrix construction for the model equation 

Let the parameters h and ^ be as in Section 2, < |^| < 0 < e <C 1. Let also Y be as 

in Section 4. Consider the operator 

Po = + t + Vy^+ ifiq{y,'Dy) + hq{y,Vy;h, fi), t > 0, 

where = —ihdt, Vy = —ihdy, y G Y, the function q G C°°{T*Y), q G Sq, is real-valued and 
does not depend on t, h and y,, satisfying 0 < Ci < q < C 2 , Ci and C 2 being constants, q G Sq 
uniformly in h and y. Let rj = be the dual variables of y = {yi,y'). Let also the function 

(/> be as in Section 2. We are going to build a parametrix, u, for the solution u of the equation 

f Pqu = 0 in R+ X y, ^ ^ 

[ u ^ on r, 

where /i is microlocally suppoted in the region Q{e) ;= {{y,rji) G : |;u| -|- |r/i| < 2h^}. We 
will first construct a parametrix in the region 

g,is) := {{y,m) G R' : ImI M + 1^1) < (5.2) 

More precisely, in this section we will construct a parametrix, ui, of the solution of the equation 
(5.1) with /i = Op^j {(l>{rii\y\/h^~^^)) f -|- f G L‘^iY) being arbitrary. The construction 

in the region 02 (e) := {(/^)^i) G R^ : /\y\ < \y\ + |ryi| < 2h^} will be carried out in the next 

section. 

We will be looking for ui in the form 

ui = (j){t/h^)Oph{A{t))9 

where g G Lp'iY) will be determined later on such that ||fl'||L 2 (y) < 0(l)||/|h2(y), and 

M 

Mt) = V, h, y)i^k{t, y, m h, y), 

k=0 

'Ipk = (r/i iyq{y,g))h~‘^/^^ , 

Tfc being the functions introduced in Section 3, M is an arbitrary integer, oq = 4’i{rii\y\/h^~^^), 
(j)i G C'^(R) being such that i;/)i = 1 on supp^, while a^. A: > 1, do not depend on the variable 
t and will be determined later on. Observe first that we have 

PoOphiMt)) = Oph {{Pt +t + m+ im{y,v) - ihdy^)A{t)^ 

+iyq{y, Vy)Opi^{A{t)) - iyOp,^{qA{t)) + hq{y, Vy)Oph{A{t)). (5.3) 

It is easy to see that (3.2) implies the identity 

{Vf +t + gi+ iyq{y, r/))Tfc (ryi -h iyq{y, y))h~P^^ 

= -khP^^k-i {th-P^ {gi + iyq{y, g))h-P^) 
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and hence 


Using the identity 


we can also write 


[Vf + t + r]i+ ifiq{y, r]))A{t) = -h {k + l)ak+i'4!k- 


dz'^kiz) = ^k+iit, z) - F{z)'I>k{t, z) 


dy^-^kith = i^u/i ‘^/^dy^q^k+i{th (r/i + r/))/i 

-iiih~‘^/‘^dy^qF [rji + i^iq{y, (r/i + i^iq{y, . 


Hence 


IVl 

dyj^A{t) = ^ (dy^ak - ifJ,h~^dy^qF‘^ak + ii2h~^dy^qak-i^ V’fc 


+ilj,h ^dy^qaMtpM+i 


where a_i = 0 and we have put 


F** = h^^^F (^Tji + inq{y, r]))h . 


m 

Lemma 5.1 For t = 0, all k > 0 and multi-indices a, we have the bound 

d'^A\<Ck,aPl ( 5 . 6 ; 

For all t > 0, k > 0 and multi-indiees a, we have the bound 

dyk\<Ck,ah-^/^pi ( 5 . 7 ; 

Moreover, there exists a eonstant C > 0 such that for C{\fi\ + |??i|) < t < 1 we have the bound 


We also have the bound 




<C„pi. 


Proof. It is easy to see by induction that 


dy'^kith ^^^,{yi+inq{y,y))h 


^k\th ‘^/^,{r]i+iy,q{y,r]))h ( 5 . 10 ) 
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with some function Caj independent of t, h and = 0 for |q;| > 1. Recall that (7 > Ci > 0. 

Now (5.6)-(5.8) follow from Lemma 3.3 and (5.10). The bound (5.9) follows from (3.9) and 
(5.10) applied with F'^ in place of □ 


Set 


M 




Z/U ^ (—i/i)l“l 
l«l=i 




= E 


| o |=0 


8i{t) = iiiq{y,Vy)0^h{A{t)) - iy0^h{qA{t)) -hO^^ {Ei{t)) 

82 {t) = hq{y,Vy)OphiA{t)) - hOpf^ iE2{t)). 


Lemma 5.2 ITe have the identities 

k k 

= EE E bklaiy^V;h,h)dyaeil;k (5.11) 

k=0 e=0 |a |=0 


where the functions b^k\a depend on a^, ify, and satisfy the hounds = Op{l) for 

all multi-indices ft uniformly in y and h. 


Proof. Using the identity 


'tf (i.^) = E vA-'' (Ai(^)-‘) Ai<*+''>(( + z) 

u=0 


I 

= E le,u^e-u{z)'^k+uit, z) 

u=0 

together with (5.10), we get the identity, 

dyi’k = E E Ca,j,u{y,r]) (^) (5.12) 

j=0u=0 

where we have put 

^l = h>^/^^k {{vi+iyq{y,v))h-^^^). 

As in the proof of Lemma 5.1, one can deduce from Lemma 3.2 that = Ofc^^(l). Therefore, 
using (5.12) we can write 

M 

h^°‘^dyA{t) = E E lai,a2{hdy)°‘^ak{hdy)°‘^'ipk 

k=0 |ai| + |a2| = |«| 

M+|o| k |«| 

= E E E efc,f,ai(y,r/;/i,At)9^^a£V'fc (5.13) 

fc =0 f= 0 |ai |=0 
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with functions e^/^ai independent of a^, V’fc; satisfying the bounds d!^ek/^ai = C^/3(l)- 
Moreover, when |q;| > 1 we have Caj^u = 0 for j = 0 in (5.12), and hence in this case = 

0^(|//|). Since (5.2) implies < h, it is easy to see that (5.13) implies (5.11). □ 

We let now the functions satisfy the equations 

{k + l)afc+i = -idy^ak + ^ih~^dy^qF^ak - ^ih~^dy^qak-i 
k k 

| q :|=0 

Set 



Lemma 5.3 For all integers k >0 and all multi-indices a, we have the bound 

d'j;ak\<Ck,aPi (5.15) 

Proof. In view of Lemmas 5.1 and 5.2, differentiating (5.14) we get 
|a|+l |o| k fc+|o| 

5>fc+i= ^ 0(pi)5“iafc_i+ ^ 0{p2)d'^^ak + J2 E (5-16) 

|oi|=0 |a2|=0 £=0|/3|=0 

Since (5.15) is trivially fulfilled for A: = 0, it is easy to see by induction in k that (5.16) implies 

(5.15) for all k. □ 

With this choice of the functions Ok the identity (5.3) becomes 

PoO-phiMt)) = Op/j + Slit) + S2{t) (5.17) 

where 

Bit) = hiM + l)aM+i'0M + pdy.^qaMi’M+i 

2 2M k k 

+ E E E E hbl^iaiy^F,h,p)d^aeipk- 

j=l k=M+l e=0 \a\=0 

Combining Lemmas 5.1, 5.2 and 5.3 leads to the following 

Lemma 5.4 For t = 0, all k > 0 and multi-indices a, we have the bound 

dyittk'lfk) <Ck,aiPlP2)’"- (5.18) 

For all t >0, k > 0 and multi-indices a, we have the bounds 

dyiaki^k) < Ck,ah~^PipiP2)’^, (5.19) 

d'^Bit)\<CMAPiP2)^, (5.20) 

Moreover, there exists a constant C > 0 such that for Ci\iJ,\ + \t]i\) <t< 1 we have the bound 

\d!j;Mk)\ < (5.21) 
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Observe now that the condition (5.2) implies 


+^R + + Ihil) < 0{h^/^). (5.22) 

Using Lemma 5.4 together with (5.22) we will prove the following 
Proposition 5.5 For all s >0, we have the bounds 

||//s(R+xy) — Cs,Mh ||5'||L2('y), (5.23) 

l|Opfe(^(0))5( - Op;,(ao)5f|lL2(y) < Ch^/‘^\\g\\L2(^Y), (5-24) 

||Op;,(Ayl(0))5|L2(y) < Ch^|bllL2(Y). (5.25) 

Proof. In view of (5.17) we can write 

PoUi = (j){t/h‘'){Oph{B{t))+£i{t) + £2{t))g+ Vl,4>{t/h^) Oph{Mt))9- (5-26) 

By (5.19) we have dyVfA{t) = Oa,e Va,£, and hence by Proposition 4.2 we get the 

bound 

\dy'Df£jit)9\\L2iu+xY) - CM,a,eh^\\g\\mY)- (5.27) 

By (5.20) and (5.22) we have dyVfB{t) = Oa,i Vo,!', and hence by Proposition 4.1 we 

get the bound 

\d^VfOp^{B{t))g\\^^^^^^^^ < CM,a,eh^^/^\\gh2^Y)- (5-28) 

On the other hand, since (5.2) implies \g\ + |r/i| < taking h small enough we can arrange 
that t > C{\g\ + |?/i|) as long as t G supp [Dt, (pit/h^^)] . Therefore, we can use (5.21) to conclude 
that for t rsj hF we have the bounds dy'DfA{t) = Oa,e (e \/a,£, with some constant 

c > 0. Thus, Proposition 4.1 yields the bound 

(5.29) 

Now (5.23) follows from (5.26)-(5.29) by taking M big enough, depending on e. Since V’o = 1 
for t = 0, the bound (5.24) follows from (5.18), (5.22) and Proposition 4.1. The proof of (5.25) 
is similar, in view of the identity 

M 

hdtA{f) = ^ OfcV’fc+i. (5.30) 

k=0 

Indeed, by (5.6), (5.15), (5.22) and (5.30), we have dyVtF^iO) = Oo(pi), Va. Therefore, since 
Pi = 0{h^), we get (5.25) by Proposition 4.1. □ 
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Set Z = Op;j(A(0) — oq). Since the estimate (5.24) holds for every g G L‘^{Y), we have 
Z = ; L‘^{Y) —)■ L?‘{Y). Hence the operator I + Z is invertible on L‘^{Y) for small h. 

Given any / G L‘^{Y), take now 

g = {I + /. 

With this choice of g we have 

ui\t=o = Opf,{A{0))g = Op;^ ((/>(?7i|;u|//i^+^)) / + Zif 

where we have put 

= Op;, ((1 - (/)i)(r?i|^|//i^+^)) (I + Zy^Opf, ((/)(r/i|/i|/h^+=)) . 

Thus, to complete the parametrix construction in this case we have to prove the following 
Lemma 5.6 For small h we have Z\ = 0{h°°) : Li^iY) —)■ L?{Y). 

Proof. Given any integer m > 1 we can write 

m 

{I + z)-^ = J2i-z)^ + {-zy+^{i + z)-^. 

k=0 

Hence, to prove the lemma it suffices to show that 

Op, ((1 - Z^Op, = 0{h^) : L\Y) ^ L\Y) (5.31) 

for every integer /c > 0. Glearly, (5.31) holds trivially for A: = 0. It is easy also to see that (5.31) 

with A: = 1 implies (5.31) for every A: > 1. On the other hand, since 

ZOph ((/>(r?i|^|/h^+^)) = Op, ((H(0) - ao)(t){gi\g\/y^^)) 

and i;Ai = 1 on suppc/*, (5.31) with A: = 1 follows from Proposition 4.2. □ 

Thus, by Proposition 5.5 we get that the parametrix ui has the following properties. 

Theorem 5.7 For all s > 0, we have the bounds 

||Tbui||j^s(j^+xy) < Cs,Mh^^^‘^\\f\\i2(^Y)i (5.32) 

|ui|4=o - Op, ((/>(r/i|^|//i^+^)) < 0{h^)\\f\\L2^Y), (5-33) 

||T’iWl|i=o|lL2(y) < C'/i.^||/||,2(y). (5.34) 
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6 Parametrix construction in the region ^ 2 (£) 

In this section we will construct a parametrix, U 2 , of the solution of the equation (5.1) with 
/i = 0Vh{(t>2{rii))f, where 02 G is such that on supp 02 we have 

l/^l\/l/^l + \m\ > h^~^, (6.1) 

\n\ + \m\ <C>{h^). ( 6 . 2 ) 

Let p be the solution to the equation 

+ rii + ip,q{y,rf) = 0 

with Im p > 0. We will be looking for U 2 in the form 

U2 = Op;j {A{t)) /, 

A{t) = 0(f/|p|2<Ii)a(0y,r/;p,/i)e*‘^(*’^’^^^)/\ 

where 0 is the same function as in the previous section, di > 0 is a small constant to be fixed 
later on, a = 02(pi), (p = 0 for t = 0. The phase cp is independent of h and is of the form 

M 

k=l 

where cp^ do not depend on t, M 1 being an arbitrary but fixed integer. The amplitude a is 
of the form 

a= ^ h^t''ak,u 
0<k+u<M 

where the functions do not depend on t. Note that the identity (5.3) still holds with the 
new function A = 0(f/|pp(5i)e*‘^/^a. Moreover, we have the identity 

+ t + pi + ipq{y, p) - ihdy^){e"‘^/^a) 

= —2ihdt‘p>dta — h?d^a — + ((Sfcp)^ + 0y^(p + t — p^)a 

V 

= -2ih Yu + 1)('^ + 1 - j)^u+i-j ak,j+i 

0<k+v<2M-2 j=0 

-h Y { 12 + l){v+ 2)h’^t''ak-i,u+2-'ih Y h^f'dy^ak^u 

0<k+v<M-l 0<k+u<M 

+{{dtipf + dy^ip+ t - p^)a. (6.3) 

Let Ej{t), £j{t), j = 1,2 be defined as in the previous section with the new A. Given a multi¬ 
index a = (oi,..., an-i), set 

n—1 

n (««»')“'■ 

i=i 




a 
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The phase satisfies the eikonal equation 

M 

{dt^pf + dy^ip + t - + ip, ^ Qai^p) = Ruit) (6.4) 

|a|=l 

where Ruit) = as t —)■ 0. It is easy to see that we have the identities 

2M 

{dt<pf=j2*^ ik + ^)U+ '^)^k+i<Pj+i, 

K=0 k+j=K 

M M 

Y. 9a{^) = Y. H ^ 7ai,...,Q^,fcl,...,fc,9“Vfci-5y>fc, 

| q ;| = 1 K=1 j=lki>l^ki + ...-\-kj=K \oLi\ = l 

where 9-^6 constants. Thus, if we choose ipk satisfying the equations 

pA-P^ = 0, (6.5) 

{k + l)(i + l)(pk+lP>j + l + dy-i^ipK + 

k-\-j=K 

M 

= H lai,...,ajM,-,kjdy'‘fki--dy'‘Pkj, K > 1, (6.6) 

J—1 ki^l^ki-\-...-\-kj=K |Q;j|=l 

where ei = 1, = 0 for K >2, then (p satisfies the equation (6.4) with 

2M 

RM{t)= (^ +1)(J + 

K=M^1 k^j=K 

m2 M 

+ip 'ym,...,ajM,-,kj9y^'fki--dy^‘Pkj- 

K=M-\-l ki'>l,ki-\-...-\-kj=K |Q:i|=l 

Clearly, pi = p is a solution of (6.5). Then, given pi, ..., px, K > 1, we can determine pk+i 
uniquely from ( 6 . 6 ). 


Lemma 6.1 For all integers k >2 and all multi-indices a we have the bounds 

Id’^Fkl^Cpalpf-^^ (6.7) 

|Im5“(^fc| <C'fc,„|p|2-2fclmp. (6.8) 

We also have the bound 

\d^{\p\-^)\<CM-^- (6.9) 

Moreover, if 0 < t < 5i\p\^ with a constant (5i > 0 small enough, we have 

lm.p>t\mp/2. (6.10) 
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Proof. The bound (6.7) with k = 1 follows easily by induction in |a| from the identity 

P = v) 

|«l| + |a2| = |a| 

for |q;| > 1, ^ 01,02 / 0 being some constants, together with the fact that jj, = 0{\p\^). The proof 
of (6.9) is similar, using that 

\p? = vi + 

together with the identity 

|qi|+|q2|=|q| 

for |q;| > 1. To prove (6.7) for all A: > 2 and all multi-indices a we will proceed by induction 
in A: -|- |q;|. Suppose first that (6.7) holds for all k < K. Then the right-hand side of (6.6) is 
= OdpY'^^). Thus by (6.6) we get that p(pK+i = C>{\p\’^~‘^^), which is the 
desired bound for (pK+i- To bound dyipK+i we apply the operator dy to the equation (6.6) and 
proceed in the same way. The proof of (6.8) is similar, using that \p\ < C\p\lm.p together with 
the inequality 

|Im(zi... 2 ;fc)| <Ck\zi\...\zk\Y'^~T^' 

j=i 

To prove (6.10) we use (6.8) to obtain, for 0 < A < 

M / M-i \ 

Im(/9 = ^ fyvnpk >Almyo(l — C ^ t^\p\~‘^^ j 

k=l \ k=0 ) 

> Aim/) (1 — 0(51)) > AIm/)/2 

provided 5i is taken small enough. □ 

Set 

|a|=l 

^2(A) = ^ ^ \ 

|a|=0 

Lemma 6.2 Wo have, the identities 

M k V 

E,(t) = ^ A'-'C- SEE (6.11) 

k-\-i'<M{M-\-l) |q:|=0 ^^=0 ^'=0 


where the functions Oakk'uv' depend on t, h and the functions Ok^y, and satisfy the 

bounds 

( 6 . 12 ) 


for every multi-index ft. 
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Proof. We will first prove by induction in |q;| the identity 

\a\ M\a\ 

= E E (6.13) 

k=0 1^=0 

with functions Ca^k,u independent of t, h and satisfying the bounds 

d^c^,k,u\ < Cp\p\-^’^ (6.14) 

for every multi-index (3. Let a = ai + a 2 with |ai| = 1 and suppose (6.13) fulfilled with 02 - 
Then we have 

\a2\ M\a2\ 

^ hH'^Ca,,k,u 

k=0 u=0 

|« 2 | M|« 2 | \Q-2\ M|« 2 | 

k=0 1^=0 k=0 

\oL2\ M\ol2\-\-M u |a 2 | + lM|a 2 | 

= E E hH^Y.9TPi^o.2,k,u-e-i E 

k=0 u=0 r=l k=0 1^=0 

Hence (6.13) holds for ai + with 

V 

^ 01 + 02 ,^)*^ ^ Pi^ci2.k.v—l Ciy2,k—l,i/- (6.15) 

r=i 

It follows from (6.7) and (6.15) that if (6.14) holds with q; 2 , it holds with ai + 012 , which proves 
the assertion. 

Using (6.13) we can write 

e-^^/^{-ihdyT{P^/^a) = Y. 7ai,a2e“*‘^^^(-ihaj,)“'(e*^/^)(-fh5y)“2a 

|oi|-l-|o2| = |o| 

|q:| M\q\ 

'y ^ ^ 7oi,02*"oi,fc—|« 2 |j!^( 

k=0 v=0 |ai|-l-|a 2 | = |o| 

It follows from this identity and (6.14) that the functions Ej are of the form 

M M 

b(*) = EE E 

k=0 u=0 |o|=0 

with functions cf^\ ^ independent of f, h and a, and satisfying the bounds ^ = Op\{p\~‘^''), 

V/3. Now (6.11) follows from (6.16) with 

T(i) _ ^i) 

'^a,k,k'''a,k—k',y—v'' 

□ 
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We let now the functions satisfy the equations 


+ 1 — j)^Pu+i-j Ofej+i + {v + l){v + 2 )ak-i^y +2 + idy^ttk^u 
i=o 

2 M k u 

= E E E E ^al,k',uy9yak'y, (6.17) 

j=l |q|=0 k'=0 u'=0 

oo,o = 4’2{vi)^ CLkfl = 0 for A: > 1, a-i^y = 0, i/ > 0. Let iL, J > 0 be any integers. Now it is 
clear that, given ak,v for k < K,\/i' > 0, and aK+i,u for 12 < J, we can determine Oi^+i^j+i from 
(6.17). Therefore, by (6.17) we can find all ak^u- Moreover, using (6.7) and (6.12) one can easily 
prove the following 

Lemma 6.3 For all integers k,n >0 and all multi-indices a we have the bounds 

< Ck,u,a\p\~'"'~^"- ( 6 - 18 ) 

In view of (6.3) and (6.11), in this case we still have the identity (5.17) with a function B of 
the form 

B{t) = F^/'^(l>{t/\p\Hi)B^{t) + B2{t), 

where 

V 

Bx{t) = -2ih ^ h!"t^ 1 -j)Fu+i-j afc,i+i 

M+l<k+iy<2M-2 j=0 

-\-h (ly + 1 )(^ + t^CLk—l,u+2 + RM{t)cL 

k-\-v=M 

2 M k V 

+E E '■‘c E E E 

j=l M+l<k+v<M{M+l) \a\=0k'=0v’=0 
B2{t)= V‘1 - ihdy^,(j){t/\p\^5i) 

|a|=l 

^ 1*^1 

| a |=0 

Lemmas 6.1 and 6.3 imply the following 

Lemma 6.4 For all multi-indices a we have the bounds 

9“5(t)| < (6.19) 

|9“yl(t)| < (6.20) 
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Proof. Note first that the condition (6.1) implies 


A < _AL <r 

\p\^ ~ \p\\p\ ~ ^ 

with some constants C'i,C '2 > 0. By (6.7), (6.18) and (6.21) we have, for 0 < t < 5i\p\'^, 


( 6 . 21 ) 


hH'^ 




< C'fc.i 


A 

AV VI/9P 


tim p/2h 


< Ck,u 


h f h 




( 6 . 22 ) 


,IHV \Mp\. 

where we have used that \p\lm.p > C\p\ with some constant C* > 0. In the same way, since 
e-^^/^{hdyY{P^/^) = Oo(l) for 0 < t < 1, one can get that for any multi-index a and for 
0 <t< 5i|/9p, 

I {hdyr I < . (6.23) 

It follows easily from (6.23) that, for 0 < t < 5i|/>P, 


{hd,r 


On the other hand, for i we have 




J^/h 


< e 


-<5i|p|2lmp/4/i ^ g-ci|p||/i|//i p-C 2 /i 


< e 


(6.24) 


(6.25) 


with some constants ci,C 2 > 0. In view of (6.9) we have dy(j){t/\pf6i) = Oq,( 1), Va, and 
9/(/>(t/|/9p(5i) = Oe{\p\~^) = Oi{h~^), V£. Therefore, by (6.23) and (6.25) we obtain 


9“B2(t) 


< C„e 


—ch 


(6.26) 


with some constant c > 0. Thus (6.19) follows from (6.24) and (6.26). 

To prove (6.20) we need to improve the estimate (6.23) when |q;| > 1. To this end, observe 
that by Lemma 6.1 we have dyP = Oa{t\p\) = Oa{\pf), Va, for 0 < t < 6i\p\‘^. Therefore, by 
induction in |a| one easily gets 


By (6.2), (6.10) and (6.27), for 0 < t < 5i|/0p, 


<c„v 4 - 


3\ l"l 


+ Ca 


(6.27) 


3\ l"l 


^a(gip/h)| < / A ) + 


(6.28) 


On the other hand, by (6.18) we have dyO = Oq( 1) for 0 < t < 5i|/9p. Therefore, (6.20) follows 
from (6.28). □ 

Lemma 6.4 implies the following 
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Proposition 6.5 For all s >0, we have the bounds 

\\PoU2\\Hsin+xY) < C,,Mh^P^\\f\\L2^Y), (6-29) 

\\VtU2\t=o\\mY) < Ch^fh^iY)- (6.30) 

Proof. By Proposition 4.1 and (6.19), there is ^ > 0 dpending only on the dimension such 
that Op^{VyV^B{t)) = Oa,i3{h^^~^) : L‘^{Y) —> L‘^{Y), \la,l3, while by Proposition 4.2 and 
(6.20) we have VyV^Sjft) = Oa^p{h^'^~^) : L‘^iY) —> L‘^{Y), Vo,/?. This implies (6.29) in view 
of the identity (5.17). 

To prove (6.30), observe that 


T>tW2|t=o = Oph 


M-l 

ih h^ak,i 
k=0 


/• 


In view of (6.2) and (6.7), we have dyP = Oa{\p\) = Oa{h‘^), and hence by Proposition 4.1 we 
get Op/j(p) = Oa{h^) : T^(y) —)■ L'^{Y). Furthermore, by (6.18) we also have h^^^dyOkp = 
P^a{\p\) = Oa{h^), and we apply once again Proposition 4.1 to get (6.30). □ 


To complete the construction of our parametrix u we will consider two cases. 

Case 1. < ImI < 0 < e <C 1. Then the condition (6.1) is fulfilled for all pi. We 

take u = U 2 , where U 2 is the parametrix constructed above with 4>2{pi) = Clearly the 

condition (6.2) is fullfiled as long as pi G supp()) 2 . 

Case 2. < \p\ < . Then {p,pi) G Giis) as long as pi G supp(/>(r/i|^|//i^+^). We 

take u = ui + U 2 , where ui is the parametrix constructed in Section 5 and U 2 is the parametrix 
constructed in Section 6 with 4>2{pi) = 4>{pi/h^^) — f’ivilhl/• Clearly pi = 0{h^) on supp()) 2 , 
and hence the condition (6.2) is fulfilled in this case. Moreover, if {p,pi) G G 2 {^)-, then 

l;*l7lP'l + l'(il > 

Hence, with this choice of the function 02, the condition (6.1) is satisfied (with e/2 in place of 
e) as long as pi G supp02. 

In both cases the operator N defined by N f := 'Dtu\t=o provides a parametrix for the DN 
map / —)• Vtu\t=o, where u is the solution to the equation (5.1) with u\t=o = Opf^{(p{pi/h^))f. 
It follows from Theorem 5.7 and Proposition 6.5 that u and N have the following properties. 


Theorem 6.6 For all s >0, we have the bounds 

IITouIIj^si-r^+xv) < Cs^Mh^^P\\f\\]^2(Yp (6.31) 

||u|t=0 - Oph /Ili2(y) < 0{h°°)\\f\\L2^Y), (6.32) 

\^4mY) - ( 6 - 33 ) 

|Op,((I - 0i)(m/h^))iV/||^^^^^ < 0{h^)\\fU2^Y), (6.34) 

where 0i G C'^(R) is independent of h and p, and 0i = 1 on supp0. 


Note that the estimate (6.34) follows from Proposition 4.2 in the same way as in the proof 
of Lemma 5.6. 
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7 Eigenvalue-free regions 

In this section we will study the problem 


n, 

n, 

r, 


(/i^Vci(x)V + zni(x)) ui = 0 in 
{h?Vc 2 {x)V + zn 2 {xy) U 2 = 0 in 
ui = U 2 , cidyUi = C 2 dyU 2 on 


(7.1) 


where 0</i<Cl, z = l + zlm 2 ;, 0< |Imz| < 1. Denote by Nj{h,z), j = 1,2, the Dirichlet-to- 
Neumann map corresponding to the Laplacian nj(x)“^Vcj(x)V introduced in Section 2 (with 
^ = Imz). In this section we will prove the following 


Theorem 7.1 Under the conditions of Theorem 1.1, given any 0 < e <C 1 there is hQ^e) > 0 so 
that the operator 

T{h,z) = ciNi{h,z)-C 2 N 2 {h,z) : H\T) ^ L‘^{T) 
is invertible for 0 < h < hQ, |Imz| > h^~^. 


Proof. We may suppose that |Im 2 :| < since for < |Imz| < 1 the theorem is proved 
in m- Let Ar be the negative Laplace-Beltrami operator on T with the Riemannian metric 
induced by the Euclidean one in R'^. Denote by ro{x',f,') the principal symbol of —Ar written 
in the coordinates (x',^') G T*r. Set T,j{e) = |(x',^') G T*r : |ro — mj\ < where ruj 

denotes the restriction on E of the function nj/cj. It is easy to see that the conditions (1.2) and 
(1.3) imply Si(e) n S 2 (e) = 0, provided h is taken small enough. Throughout this section, pj, 
j = 1 , 2 , will denote the solution to the equation 

y + ro{x',f,') - zmj{x') = 0 


with Imp > 0. Observe that 


Cl Pi - C2P2 = 


c{x'){co{x')ro{x',f,') - z) 
Cl Pi + C2P2 


where c and cq are the restrictions on E of the functions 


cini — C 2 n 2 and 


^2 _ „2 

Cl C2 

cini - C2n2 


(7.2) 


respectively. Clearly, under the conditions of Theorem 1.1, we have c{x') 7 ^ 0, Vx' G E. Moreover, 
(1.2) implies cq = 0, while (1.3) implies co(x') < 0, Vx' G E. Hence, under the conditions of 
Theorem 1.1, we have c\pi 7 ^ C 2 P 2 on E as llmzj —>■ 0. It is easy to see that \pj\ > Const > 0 
on S 3 _j(e), j = 1,2. Let Xs^'^ ^ C'(f’(r*E) = 1 on Sj(e), = 0 outside a larger 

0{h^^‘^) neighbourhood of {xq = mj}. Then we have pj = {1 — X^P)Pj ^ ^1/2- 
By (7.2) we also have 

Ci{rof/^ < Icipi - C 2 P 2 I < C2{rof/\ ^2 > Ci > 0, (7.3) 


where A: = —1 if ( 1 . 2 ) holds. A; = 1 if (1.3) holds. Since xfPPj = (7.3) remains valid 

with Pj in place of pj. Using this we will prove the following 
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Proposition 7.2 Under the conditions of Theorem 1.1, we have the estimate 

||r(/i,z)/-Op,(cipi-c2P2)/IL <c/i^/"||/IL(7.4) 

H 2 [l) H 2 

for 0 < h < ho, limzl > h^~^. 

Proof. Let x ^ C'“(T*r), x = 1 on {ro < i2o} with some constant TZq 3> 1. The estimate 
(7.4) with / replaced by Op/i(l — x)f is proved, under the conditions (1.2) and (1.3), in Section 
5 of [l3] (see also m ). Therefore, to prove (7.4) it suffices to show that 

\\Nj{h,z)Oph{x)f - Oph{cjPjx)f\\L2(r) ^ C'/i^^^||/||L2(r)- (7.5) 

Let Xe^^ £ C^{T*T) n = 1 on Sj(e), be such that x'J^Pj = 0. Then (7.5) with x^P 

in place of x follows from the estimate (2.7) of Theorem 2.2, while (7.5) with y — — xP in 

place of X follows from the estimates (2.4) and (2.5) of Theorem 2.1. □ 

Thus we have reduced the problem to that one of inverting the operator A = Op;j(cipi—C2/O2). 
This, however, is much easier since the symbol cipi — C 2 P 2 £ 5^/2 elliptic in view of (7.3). 

Hence (cipi — C 2 P 2 )~^ £ and there exists an inverse A~^ = 0(1) : H^~{T) —)• H^~{T). 
Then (7.4) yields 

which after taking h small enough becomes 

< 2C\\A-^T{h,z)f\\^^^^^. (7.6) 

Clearly, (7.6) implies the invertibility of the operator T in the desired region. □ 
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